In this study, a methodology to model and predict the life-cycle performance of building 6 façades based on Stochastic Petri Nets is proposed. The proposed model evaluates the 7 performance of rendered façades over time, evaluating the uncertainty of the future 8 performance of these coatings. The performance of rendered façades is evaluated based 9 on a discrete qualitative scale composed of five condition levels, established according to 10 the physical and visual degradation of these elements. In this study, the deterioration is 11 modelled considering that the transition times between these condition states can be 12 modelled as a random variable with different distributions. For that purpose, a Stochastic 13 Petri Nets model is used, as a formal framework to describe this problem. The model's 14 validation is based on probabilistic indicators of performance, computed using Monte-15
Introduction 29
According to Jensen and Rozenberg (2012), the net theory can be seen as "a system 30 theory that aims at understanding systems whose structure and behaviour are determined 31 by a combinatorial nature of their states and changes". The first proposal of nets of places 32 and transitions, proposed by C. A. Petri (Petri, 1962) , allows developing a non-idealizing 33 methodology to concurrency and information flow, in organizational systems (Genrich 34 and Lautenbach, 1981) . Petri nets are considered a mathematical and graphical tool for the 35 formal description of systems whose dynamics are characterized as being concurrent, 36 asynchronous, distributed, parallel, nondeterministic, and/or stochastic, mutual exclusive, 37 and conflicting, which are typical features of distributed environments (Murata, 1989) . 
141
Where S w is the degradation severity of the coating, expressed as a percentage; k n is the 142 multiplying factor of anomaly n, as a function of their degradation level, within the 143 range K = {0, 1, 2, 3, 4}; k a,n is a weighting factor corresponding to the relative weight 144 of the anomaly detected (k a,n Є R+); k a,n = 1 by default; A n is the area of coating affected 145 by an anomaly n; A is the façade area; and k is the multiplying factor corresponding to 146 the highest degradation level of a coating of area A. 147
In this study, the anomalies that occur in rendered façades are grouped in three 148 categories: stains; cracking; and detachment. The coefficient k a,n allows establishing a 149 relative weight between these groups of anomalies, based on the cost of repair of eachanomaly, its aesthetic impact, the influence on the renderings' service life, the 151 fulfilment of performance requirements (e.g. watertightness) and its propensity to 152 generate new anomalies. In this study, the following k a,n values are adopted for the 153 different groups of anomalies: 1.0 for cracking; 1.5 for detachment; and 0.25 for stains 154 in condition B and 0.67 for stains in more serious condition levels (C, D and E). 155 
175
The estimation of the optimal intensity matrix, leading to the best fit between the model 176 and the observed condition, was based on the concept of maximum likelihood described 177
by Kalbfleisch and Lawless (1985) . Likelihood is defined as the predicted probability of 178 occurrence of the observed transitions: 179
Where is the condition level in the initial instant, is the condition level in the final 181 instant, is the number of elements, is the number of intervals between inspections, 182 and is the probability of transition from condition level to condition level , 183 entry of the transition probability matrix, , given by: 184
Where is the time interval between inspections. 186
The optimization of the intensity matrix, , was performed using the active set algorithm 187 places are occupied by a token the transition is said to be enabled. At this point, the 213 transition fires, the tokens are removed from the input places, and new tokens are created 214 in the output places. In this example, transition is not enabled because the pre-215 conditions of the transition are not complied with, i.e. there is a token in place , but no 216 token at place P 2 . Once tokens exist in both P 1 and P 2 , transition T 1 will fire, tokens 217 from places P 1 and P 2 will be removed and a token will be placed in place P 3 . 218
In the context of this study, places represent resources or conditions while transitions can 219 represent actions or events that cause the system to change (Murata, 1989) . Tokens are allowing any probability distribution to be used to model the firing rate was used. 249
Mathematically, the theory behind the stochastic Petri net is the same as the Petri net; 250 their mode of operation is identical, applying the same firing rules. The only difference 251 is the random time interval between the transition becoming enabled and firing. 252
Deterioration Petri net model 253
Deterioration can be modelled with Petri nets by considering that each place is a 254 condition state of the classification system adapted, tokens indicate the current 255 condition of an element, and timed transitions define the movement between condition 256 states (Le, 2014, Yianni et al., 2016 Yianni et al., , 2017 . In this work, a five condition levels Petri net 257 scheme is defined. Since maintenance actions are not considered, the condition level of 258 the infrastructure deteriorates continuously over time until it reaches the worst condition 259 level defined in the performance scale. 260
The time dependent nature of the problem is included by defining timed transitions. The 261 time specified by each transition represents the sojourn time in the condition level, i.e., the 262 time that infrastructure spends in condition level before moving to condition level . 263
The timed transitions are modeled by probability distributions. 264
Parameter estimation 265
The probability distribution that best describes the deterioration process of an 266 infrastructure is that resulting in higher probabilities of occurrence of observed transitions. 267
In order to identify the parameters of the probability distribution that provide a best fit, 268 parameter estimation is required. The parameters of the probability distribution are fitted 269 to historical data through the maximum likelihood method proposed by Kalbfleisch and 270 Lawless (1985) and shown in equation (3). To simplify the computations and improve 271 robustness, the logarithm of the likelihood is maximized. 272
Monte Carlo simulation 273
The probability of occurrence of the observed transition, , is estimated by Monte Carlo 274 simulation. This is a helpful approach to compute numerical approximations in situations 275
where it is not feasible to obtain analytical solutions and can be used to consider the 276 propagation of uncertainties during the lifetime of the infrastructure. This method allows 277 generating random sojourn times to each condition level from the inverse CDF 278 (cumulative distribution function) of probability distribution. 279
The proposed procedure for computing the probability of occurrence of the observed 280 transition, , is illustrated in Figure 4 . The procedure depicted is repeated for each 281 transition observed in the historical database. The input for the algorithm includes the 282 information about each observed transition: time interval between observations, , 283 condition level in the initial instant, , and condition level in the final instant, . The 284 condition level in the initial instant, , is used to define the initial marking, , of the Petri 285 net, the time interval between observations, , is the time horizon of the analysis, and the 286 condition level in the final instant, , is used to compute the probability of occurrence at 287 the end of the procedure. The first transition to fire is identified by checking which 288 transitions are enabled. When more than one transition is enabled, the transition with less 289 time delay is the first to fire. However, since the Petri net defined for the deterioration 290 model is arranged in sequential manner and there is only one token in the Petri net, i.e. 291 conflicts do not need to be considered. In the next analysis step, the sojourn time in the 292 initial condition level is computed, and the Petri net and time are updated. The process is 293 repeated until is reached. The output of the procedure is the condition index at the time 294 horizon for each sample. Using Monte-Carlo simulation the distribution of the final 295 condition can be computed and the probability of the observed transition occurring can be 296 calculated. 297
Optimization 298
The optimization of the parameters of the probability distributions is performed using 299
Genetic Algorithms (GA), which were selected for being widely available, robust and 300 efficient for objective functions computed using Monte-Carlo simulation. In fact, by 301 using only information on the objective function, not requiring the computation of In the following step, the initial population is randomly generated. A population is 312 composed by a set of individuals, where each individual is a potential solution of the 313 problem. All individuals of the initial population are evaluated through the objective 314 function, where the best individual is the one with the highest value of the likelihood. Ateach step of the optimization process, the GA uses the best individual of the current 316 population to create the offspring generation (MatLab, 2016), using the crossover and 317 mutation procedures. The new population generated is then evaluated using the objective 318 function and used as a new parent population. This process is repeated iteratively until a 319 predefined stopping criteria is satisfied. 320
In this study, the optimization of the parameters of the probability distributions was 321 
APPLICATION TO RENDERED FAÇADES 334
The deterioration Petri net model for façades is illustrated in 
Validation of the Petri net model 351
In Table 2 Taking into account the results obtained by Petri nets, it is confirmed that the proposed 361 model is suitable to evaluate the degradation of external façade renders.
Probabilistic analysis 363

Two-parameter distributions 364
When using Petri net models, in addition to the exponential distribution, four distributions 365 were studied: Weibull, Lognormal, Gumbel, and Normal. Table 4 shows the optimal 366 parameters obtained in all probability distribution analysed as the likelihood computed for 367 each set of optimal parameters. All the studied distributions lead to a better likelihood 368 than the exponential distribution. 369 Table 5 shows the number of observed and predicted façades in each condition level for 370 each probability distribution and Table 6 shows the relative error obtained for each case. 371
The values obtained for the relative error are low and, in all cases, acceptable; the largest 372 errors occur for the exponential distribution. Amongst the alternative distributions, the 373 largest error is associated with the Gumbel distribution in Level A (8.6%). The results in 374 those two tables show that the exponential distribution is the one with the largest mean 375 relative error for all states (7.0%), while the smallest mean relative error for all states is 376 for the lognormal distribution (2.1%). The normal distribution presents a mean relative 377 error for all states of 3.3% (second lower value). 378 (Figure 7b) , any of the distributions 387 (Weibull, Lognormal, Gumbel, Normal) has lower dispersion values over the simulated 388 period than the exponential distribution. In fact, the exponential distribution has a mean 389 value equal to the standard deviation. There is no physical reason indicating this occurs 390 for the sojourn times. As a result, the use of Markov chains has limited ability to model 391 the variability of performance, frequently overestimating it. 392
These differences between the degradation curves also have high impact on the 393 probabilistic distribution of the degradation condition level over time (Figure 8a-c) . 394
Despite the peaks occurring, approximately, in the same years, their values are quite 395
different. 396
For level A, the predicted probabilities for all distributions are similar, beginning with 397 probability equal to 1 and decreasing rapidly over time; at year 10 the probability of a 398 render façade being in level A is near zero (Figure 8a) . Also, for level B (Figure 8a ), the 399 predicted probabilities for all distributions are similar; the maximum probability of a 400 façade belonging to level B occurs between years 3 and 4; after that, the value of the 401 probability decreases rapidly. In level C significant differences can be observed between 402 models (Figure 8b ). The maximum probability of belonging to level C is close to 0.50 for 403 the exponential distribution while for the other distributions it varies between 0.70 and 404 0.80. After the maximum probability is achieved, the slope of the exponential distribution 405 is softer, when compared with the other distributions. For level D (Figure 8b) , the 406 exponential distribution has a smoother growth when compared to other distributions, 407 then the peak occurs in all distributions between years 18 and 19 (the maximum 408 probability of belonging to level D is close to 0.40 for the exponential distribution while 409 for the other distributions it varies between 0.70 and 0.80). After that, the slope of the 410 exponential distribution is softer. Finally, as expected, the probability of belonging to 411 level E (Figure 8c ) increases over time; however, the increase for the exponential 412 distribution is softer than for the other distributions. At year 40, for the other distributions, 413 the probability of a façade belonging to level E is bigger than 0.95 while, for the 414 exponential distribution, it is closer of 0.80. 415
In the analysis of the service life and durability of rendered façades, it is assumed that level 416 D corresponds to the end of the service life of rendered façades, beyond which a 417 maintenance action must be performed. Figure 8b 
Three-parameter distributions 438
The results of the previous section show that the probability distributions with two 439 parameters show a better fit to the historical data when compared with the exponential 440 distribution. In an attempt to examine whether a probability distribution with three 441 parameters is an option to better model the degradation of façades over time, the Weibull 3-442 parameters distribution was used. The probability density function of this distribution is 443
given by: 444 (5) 445 where , has the same definition given in Table 4 and is the location parameter 446 of the distribution. 447
The optimal parameters obtained for Weibull 3-parameters distribution and the likelihood 448 obtained for this set of parameters are shown in Table 7 . Table 8 shows the number of 449 observed and predicted façades in each condition level. 450
From the analysis of the results obtained in the two-parameters distribution (Tables 4  451 and 5) and the three-parameters distribution (Tables 7 and 8) , it is found that the 452 Weibull 3-parameters shows a better fit than the two-parameters distribution, both in 453 terms of likelihood and mean relative error. However, the Weibull 3-parameters 454 distribution increases the level of complexity of the analysis (the number of parameters 455 to be optimized increase from 8 to 12). 
CONCLUSIONS
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